
 
 

 
 
 
 

Journal of Mechanical Science and Technology 23 (2009) 1736~1742 
      www.springerlink.com/content/1738-494x

DOI 10.1007/s12206-009-0421-5 

Journal of 
Mechanical 
Science and 
Technology 

 
A study on the flow with nonequilibrium condensation 

in a minimum length nozzle†  
Soon-Bum Kwon*, Sung-Jin Lee, Seung-Young Shin and Sung-Ha Kim  

School of Mechanical Engineering, Kyungpook National University, 1370, Sankyuk-dong, Daegu 702-701-, Korea  
 

(Manuscript Received January 22, 2009; Revised March 25, 2009; Accepted April 7, 2009)  

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Abstract 
 
As recognized previously, a minimum-length nozzle has the smallest possible throat-to-exit length that is still capa-

ble of maintaining uniform supersonic flow at the nozzle exit. In the present study, for the flow of moist air through a 
nearly minimum-length nozzle designed by the method of characteristics, the effects of nonequilibrium condensation 
on the uniformity of flow properties, the momentum efflux, and the flow distortion at the nozzle exit plane are dis-
cussed by experiment and numerical analysis of a third-order Total Variation Diminishing (TVD) finite difference 
scheme. The onset and zone of nonequilibrium condensation in a minimum-length nozzle are quite different from those 
of a general convergent-divergent supersonic nozzle. We know that the uniformity of flow properties at the nozzle exit 
with regard to the flow with nonequilibrium condensation in a minimum-length nozzle cannot be guaranteed. On the 
other hand, owing to the positions of the onset of condensation at the incident region of expansion waves from the 
sharp corner just downstream of the nozzle throat, the deceleration gradient and magnitude of heat released from the 
process of nonequilibrium condensation to the surrounding of φ0=60% are greater than those of φ0=70% in the case of 
T0=290K. Furthermore, it has been determined that the decrease in efflux of momentum from the nozzle exit for the 
stagnation relative humidity of φ0=70%(T0=290K), which corresponds to the case with nonequilibrium condensation 
shock, is 6.8% smaller than that of isentropic expansion.  
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1. Introduction  

Since the initial observations related with non-
equilibrium condensation made by Prandtl [1], many 
studies with respect to nonequilibrium condensation 
theories [2, 3] and to the supersonic flow with the 
nonequilibrium process of condensation have been 
conducted [4, 5]. The flow of nonequilibrium conden-
sation can be found with regard to various engineer-
ing applications such as the flows of the steam turbine 
cascade, the expansion of moist air in a wind tunnel, 
and so on [6-8].  

As is well known, it is essential that the flow exit-

ing a wind tunnel nozzle (that is, the test section) be 
parallel and free of Mach waves at the desired exit 
Mach number. The presence of such waves is unde-
sirable, because these waves can coalesce to form a 
shock wave and prevent the uniformity of flow in the 
test section. To properly cope with these harmful 
problems, it is recommended that a nozzle that is 
composed of expansion and straightening sections be 
designed. In fact, some nozzles such as minimum 
length nozzles (MLNs) or rapid expansion nozzle 
have no expansion section at all owing to the prob-
lems of weight and installing space, in which the ini-
tial expansion is created by a sharp corner at the noz-
zle throat. In general, minimum-length nozzles have 
been used in gas dynamic lasers and higher super-
sonic wind tunnels [9]. Despite the importance of the 
flow through a MLN, however, we could not find a 
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study on the flow that intervenes with nonequilibrium 
condensation in MLNs. Thus, in the present study, the 
effects of nonequilibrium condensation on the uni-
formity of flow properties at the nozzle exit, the mo-
mentum efflux, the flow distortion of the entire flow 
field, and so on are reviewed by experimental and 
numerical analysis to cope with the problem caused 
by the latent heat released in the process of nonequi-
librium condensation into the surrounding gas flow in 
a supersonic wind tunnel. Moist air is used as a work-
ing fluid. In our calculations, after initially confirming 
the validity of the adopted numerical method of the 
third-order TVD finite difference scheme, which is 
possible to compare the distribution of static pressure 
by experimenting with the result of numerical analy-
sis on the centerline of the nozzle, the distribution of 
flow properties is calculated by using the verified 
TVD method. In our experiment, we used an intermit-
tent indraft-type supersonic wind tunnel, in which the 
capacities with regard to the stagnation reservoir and 
sink tank are 40m3 and 5m3, respectively. To visualize 
the flow, we used a schlieren optical system with a 
light source of Xe of 1kw. Moist air was used as the 
working fluid. 

 
2. Experimental facility and procedure 

The intermittent indraft-type supersonic wind tun-
nel used in the present study is shown in Fig. 1. It 
mainly consists of a stagnation reservoir of 40m3, a 
sink tank of 5m3, a schlieren visualization optical 
system, and a pressure-measuring system consisting 
of a 16-channel scanning valve (model:DSA3017). 
Based on the flow field symmetry, this requires only 
one-half of the flow, that is, one-half of the nozzle 
system. In designing MLNs, we used a method based 
on the characteristics proposed by Hodge et al. [10] 
The design nozzle Mach number used in the present 
study is a constant value of 1.4. After the pressure in 
the sink tank has been kept below 0.2 kPa by a vac-
uum pump, by opening the vacuum valve installed 
downstream of the MLNs, the uniform flow of moist 
air from a circulation fan installed at the stagnation 
reservoir, expands to the pressure of the vacuum tank. 
In this case, the approximate duration time of 15s in 
a steady state at the nozzle exit can be sustained. The 
static pressures along the nozzle centerline are meas-
ured by a 16-channel scanning valve system in which 
the static hole measuring the static pressure is 0.8 
mm in outer diameter. Owing to the possibility of  
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Fig. 1. Schematics of the experimental apparatus.  
 
nonequilibrium condensation at the approximate re-
gion designated as M=1.3, the static holes at the 
neighboring sites to this zone are densely packed. 

The pressure sensed by the pressure transmitter 
(PTX-1400, Druck Co.) installed in the scanning 
valve system is A/D converted and then recorded by a 
personal computer. The pressure sensor error installed 
in the scanning valve is ± 0.05% in full scale, and the 
scan rate is 200 samples per channel per second. The 
average value of measuring 3000 times at a measur-
ing point of the bottom wall of the nozzle is decided 
as the static pressure at that point. 

 
3. Numerical procedure  

To analyze the two-dimensional steady-state super-
sonic flow with condensation, two-dimensional Na-
vier-Stokes equations, in conjunction with a nuclea-
tion rate equation having a droplet growth equation, 
were used as numerical governing equations. In our 
calculations, we assumed that (1) the velocity differ-
ence between a droplet and its surrounding gas phase 
is negligible, (2) the liquid droplet in the flow field is 
distributed uniformly, (3) each component of the mix-
ture is thermally and calorically perfect, (4) the drop-
lets are extremely small such that there is no tempera-
ture gradient within the droplet, and (5) the thermal 
accommodation coefficient is 1 [11]. The equations of 
mass conservation, momentum, and energy related to 
the viscous adiabatic compressible flow of the mix-
ture are given, and they are similar to their single-
phase flows. The mathematical closure of these equa-
tions requires a separate equation for the wetness 
fraction, and this can be obtained based on the theo-
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ries of condensation and droplet growth. The resulting 
governing equation systems are written as (7) 

 
1

Re
Q E F R S H
t x y x y

⎛ ⎞∂ ∂ ∂ ∂ ∂+ + = + +⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
  (1) 

 
where 

 

2

2

t

1 1 1

2 2 2

3 3 3

(E ) ( )
, ,

m mm

mm m

m m m

m t t

m m m

m m m

m m m

m m m

u v
vu u p

v uv v p
E u p v E p

Q E F
g ug vg
D uD vD
D uD vD
D uD vD

ρ ρρ
ρρ ρ

ρ ρ ρ
ρ
ρ ρ ρ
ρ ρ ρ
ρ ρ ρ
ρ ρ ρ

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥ +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ +
⎢ ⎥ ⎢ ⎥⎢ ⎥

+ +⎢ ⎥ ⎢ ⎥⎢ ⎥= = =⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

  

1

2

3

000
0
0
0

, ,
0 0
0 0
0 0
0 0

yxxx

xy yy

m

m

m

m

R S H g

D

D

D

ττ
τ τ
α β

ρ
ρ
ρ
ρ

⎡ ⎤⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥= = = ⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

&

&

&

&

      (2) 

 
In these equations, 
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τxx, τxy, τyx and τxx, as noted above, are components of 

viscous shear stresses. The value g l
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denotes condensate mass fraction. The subscript m 
refers to the mixture. g, D1, D2, D3 are given as fol-
lows: 
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The rate of formation of condensation droplet em-

bryos per unit mass of mixture I (Frenkel’s equation), 
the saturation pressure of droplet ps,r, the critical ra-
dius of the condensation nuclei rc, and the radius 
growth rate r&  are obtained from the classical theo-
ries of homogeneous condensation as follows: 
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In Eq. (14), the flat film saturation pressure ps,∞ is 

given as [12]:  
 

2 5
, 1 2 3 4( ) exp( ln( ) )( )s

Ap T A A T A T A T atm
T∞ = + + + +  

  (17) 
 
Here, A1=21.215, A2=-2.7246*10-2, A3=1.6853*10-5, 

A4=2.4576, and A5=-6094.4642, respectively. 
With regard to the equations above, M, ℜ , k, and 

p∞ represent molecular weight, gas constant, Boltz-
man constant, and flat-film equilibrium vapor pres-
sure, respectively. Subscripts v and l refer to the va-
por and liquid phases, respectively. With regard to 
Eq.(16), ξc is a condensation coefficient. The surface 
tension for droplet σ is given by using the surface 
tension of an infinite flat-film σ∞ and the surface ten-
sion coefficient ζ [12] 

 
σ ζσ ∞=                  (18) 



 S.-B. Kwon et al. / Journal of Mechanical Science and Technology 23 (2009) 1736~1742 1739 
 

  

[ ] 3

3
6

4

76.1 0.155 (273.15 ) 10
( / )( 249.39 )

( ) (1.1313 3.7091 10 )
10

10 5.6464
( / )( 249.39 )

T
N m T K

T T

N m T K

σ

−

−
∞ −

−

⎧ ⎫+ × − ×
⎪ ⎪

≥⎪ ⎪
⎪ ⎪= ⎡ ⎤− × ×⎨ ⎬

×⎢ ⎥⎪ ⎪× −⎣ ⎦⎪ ⎪
⎪ ⎪〈⎩ ⎭

 (19) 

                                  (N/m) 
 
In the computation, the values chosen for ξc and ζ 

are assumed to be 0.1 and 1.0, respectively [13]. The 
Baldwin-Lomax model [14] is utilized to solve the 
turbulence stresses. A third-order TVD finite differ-
ence scheme with MUSCL [15] is used to discretize 
the spatial derivatives of the governing equations, and 
a second-order central difference scheme is applied to 
the viscous terms. A second-order fractional time step 
is employed with regard to time integration. 

 
4. Results and discussions 

In the present study, the MLNs of 1.4 in the exit 
design Mach number are first designed by using the 
methodology suggested by Hodge et al., which is 
based on the characteristic method. Next, the design 
validity can be verified by means of agreements be-
tween the numerical analysis results and the meas-
urements in static pressure normalized with stagna-
tion pressure along the nozzle centerline for 
(T0=290K, p0=101.3 kPa and φ0=30%) and of 1.4 in 
the nozzle exit Mach number by numerical analysis 
for (T0=290K, p0=101.3 kPa and φ0=0%); here, the 
stagnation relative humidity φ0 is defined as pV0/pS0. 
Both results are shown in Fig. 2. Here, h represents 
the throat height of the nozzle, and x=0 corresponds 
to the position of the nozzle throat. As shown in the 
figure, the distributions of static pressure based on the 
results of numerical analysis and measurement along 
the nozzle centerline are synonymous; however, the 
distribution of the Mach number at the nozzle exit 
plane slightly differs from the value of 1.4 in the noz-
zle design Mach number, which is caused by the fact 
that we did not take into account the viscous effect 
with regard to the method of characteristics. Owing to 
the effect of the initial expansion fan centered at the 
sharp corner of the nozzle throat, as shown in the iso-
Mach number plot, the increasing rate with regard to 
the Mach number at the vicinity of the wall is larger 
than that around the nozzle centerline. As a whole, it 
can be concluded that the nozzle is properly designed. 
The distributions of static pressure and the Mach  
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(a) Static pressure distribution (φ0= 30%) 

 

 
(b) Iso-Mach number plot(φ0= 0%) 

 
Fig. 2. Static pressure distribution along the nozzle centerline 
and iso-Mach number plot (T0=290K and p0=101.3 kPa). 

 

  
Fig. 3. Distributions of flow property along the nozzle centerline 
with φ0 (p0=101.3 kPa and T0=290K). 

 
number along the nozzle centerline with φ0 are shown 
in Fig. 3. In general, the higher φ0 is, the larger the 
condensable mass fraction for the same T0 becomes; 
the onset point of nonequilibrium condensation corre-
sponding to the deviation point from the isentrope 
moves upstream with the increase of φ0. The degree 
of deviation from the isentrope (that is, φ0=0% in this 
case) increases with the increase in φ0. In special, in 
spite of smallness of φ0, it turns out that the decelera-
tion of flow by heat addition and its gradient for  
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φ0=60% are larger than those for φ0=70%. These are 
caused by the fact that the onset point of nonequilib-
rium condensation at the nozzle centerline for 
φ0=70% lies at the incident region ahead of the ex-
pansion waves emanating from the sharp corner just 
downstream of the nozzle throat. Fig. 4 shows the 
schlieren photographs and iso-pressure plots, with 
variations of φ0 for the design exit Mach number of 
1.4 and T0=290K, respectively. As shown in the pho-
tograph and iso-pressure plot for φ0=30%, we could 
not find any flow disturbance caused by the influence 
of nonequilibrium condensation. However, in cases 
with a condensation shock wave (b-d) caused by the 
increase in released latent heat by nonequilibrium 
condensation to the surroundings, it can be deter-
mined that the position of the condensation shock 
wave moves upstream with the increase in φ0. Owing 
to the nature of two-dimensional MLNs, we can see 
that the onset of nonequilibrium condensation at the 
upper wall is faster in comparison to the nozzle cen-
terline. In flows with a condensation shock wave, the  
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(c) φ0=60% 

 

0 .
4 2

0. 4 6

0 .4 6

0 . 5

0 . 5

0 .5 4

0 . 5 8

0 . 62

0 .
6 6

0.
7

0 .
7 4

x / h

y/
h

- 0 . 4 - 0 . 2 0 0 . 2 0 . 4 0 . 6 0 . 80

0 . 2

0 . 4

0 . 6

 
(d) φ0=70% 

 
Fig. 4. Schlieren photographs and iso-pressure plots with φ0. 

X-type condensation shock wave changes to λ  type 
with the increase in stagnation relative humidity. Also, 
the larger the stagnation relative humidity is, the 
longer the length of the normal portion of the conden-
sation shock wave becomes. In Fig. 5, the liquid mass 
fraction g with φ0 along the nozzle centerline is plot-
ted, and we can see that the final liquid mass fraction 
g becomes larger with the increase in φ0, and the onset 
point of nonequilibrium condensation moves up-
stream with the increase in φ0. We can also see that 
the condensable water vapor of the mixture nearly 
condenses into liquid through the process of nonequi-
librium condensation, which is assessed from the 
flattened gradient in g. For example, the condensate 
liquid mass fraction g in the case of (p0=101.3 kPa, 
T0=290K and φ0=70%) approaches the final value of 
0.0075, in which the specific humidity at the stagna-
tion point ω0 is 0.0079. The distributions of the de-
gree of supersaturation along the nozzle centerline 
with φ0 are shown in Fig. 6. As expected, because of 
the eases of condensation onset for a large φ0, the 
condensation onset point moves upstream, and the 
degree of supersaturation at the onset of condensation 
becomes smaller with the increase in φ0. The momen-
tum efflux per unit nozzle width from the nozzle exit 
relates directly to the thrust of the nozzle system as 
shown in Fig. 7. The momentum efflux from the noz-
zle can be calculated as the Momentum ef-
flux 2

0
2ey

v dyρ= ∫  as noted, ey and v refer to half the 
height of the nozzle exit and exit velocity 
( v kRT M= ), respectively. This may be summa-
rized as follows: the larger the stagnation humidity 
for the same T0, p0, and nozzle geometry, the lesser 
the efflux momentum becomes. 

This is caused by the fact that the larger the specific 
humidity is, the larger the release of latent heat by the 
condensation into the surrounding supersonic gas  
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Fig. 5. Distributions of the liquid mass fraction g with φ0. 
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Fig. 7. Momentum efflux with φ0 (T0=290K, p0=101.3 kPa and 
Ma=1.4). 
 
flow, which results in the larger deceleration of the 
surrounding supersonic flow. The momentum de-
creases linearly with the increase in φ0 on a percent-
age basis. 

Finally, distortions from the isentropic flow (that is, 
the case of φ0=0%) in the nozzle exit Mach number, 
as well as the static pressure with φ0, are shown in Fig. 
8. Because of the addition of the latent heat released 
by the nonequilibrium condensation process to the 
surrounding supersonic flow, we can see that the dis-
tortion from the isentrope increases with the increase 
in φ0. Owing to the fact that we did not take into ac-
count the viscous effect in the design of MLNs, the 
Mach number and static pressure for φ0=0% at the 
nozzle exit plane differ somewhat from the design 
values. 

 
5. Conclusions 

Based on the flow of moist air through a nearly 
minimum length nozzle, which was designed by the 
method of characteristics, the effects of nonequilib-
rium condensation on the uniformity of flow proper-
ties at the nozzle exit, the momentum, and the flow 
distortion at the nozzle exit plane are presented by  
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Fig. 8. Distributions of Mach number and static pressure at the 
nozzle exit with φ0(T0=290K, p0=101.3 kPa and Ma=1.4). 

 
experiment and numerical analysis. The obtained 
results are summarized as follows:  

 
(1) The uniformity of flow properties at the nozzle 

exit for the flow with nonequilibrium condensation in 
the minimum length nozzle cannot be guaranteed.  

(2) The decrease in momentum efflux, which is 
based on the nozzle exit for the stagnation relative 
humidity of φ0=70% (T0=290K), is 6.8% smaller than 
that of the isentropic expansion process.  

(3) The distortions which deviated from the isen-
trope at the nozzle exit plane become larger with the 
increase in φ0. 
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Nomenclature----------------------------------------------------------- 

Cp  : Constant pressure specific heat [J/(kg·K)] 
D1, D2, D3 : Dummy variables 
Et  : Total energy per unit volume [J/m3] 
E, F : Numerical flux 
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f  : Frequency [kHz] 
g  : Liquid mass fraction 
h  : Throat height [mm] 
H : Source term 
I  : Nucleation rate [l/(m3·s)] 
k  : Boltzmann constant [J/K] 
L : Latent heat [J/kg] 
m  : Mass [kg] or molecular weight [kg/kmol] 
Pr  : Prandtl number 
p  : Static pressure [Pa] 
p∞  : Flat film equilibrium vapor pressure [Pa] 
Q  : Conservation mass term 
R, S : Viscous term 
r  : Droplet radius [m] 
rc  : Critical droplet radius [m] 
S  : Degree of supersaturation  
t  : Time [s]  
T  : Temperature [K] 
u, v  : Cartesian velocity components [m/s] 
x, y  : Cartesian Coordinate 
φ  : Relative humidity (≡pV/pS) 
γ  : Specific heat ratio 
µ  : Dynamic viscosity [Pa·s] 
ζ  : Coefficient of surface tension 
σ  : Surface tension [N/m] 
ρ  : Density [kg/m3] 
ℜ  : Gas constant [J/(kg·K)] 
 
subscripts 
0  : Stagnation condition 
l  : Liquid 
m  : Mixture 
r  : Droplet radius 
v  : Vapor 
∞   : Infinite plane surface 
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